
2/27/2025

1

Linear Circuits and Systems

2

Solving Second-Order 
Ordinary Differential 
Equations – Part 1 of 2

Course: Linear Circuits and Systems
Dr.  Ahmed Dallal

Electrical and Computer Engineering
University of Pittsburgh



2/27/2025

2

2nd Order Linear ODE

 The general form of a second-order linear 
ordinary differential equation with constant 
coefficients is given by

𝑘ଶ

𝑑ଶ𝑦

𝑑𝑡ଶ
+ 𝑘ଵ

𝑑𝑦

𝑑𝑡
+ 𝑘଴𝑦 = 𝐹 𝑡

 The general solution contains two parts
𝑦 = 𝑦ு + 𝑦௉

Homogenous Solution

 The homogeneous part of the solution 𝑦ு is that 
part of the solution that gives zero when 
substituted in the left-hand side of the ODE. 

𝑘ଶ

𝑑ଶ𝑦ு

𝑑𝑡ଶ
+ 𝑘ଵ

𝑑𝑦ு

𝑑𝑡
+ 𝑘଴𝑦ு = 0

 Derivatives of exponentials are Exponentials 
too!
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Homogenous Solution – Characteristic 
Polynomial 

𝑘ଶ

𝑑ଶ𝑦ு

𝑑𝑡ଶ
+ 𝑘ଵ

𝑑𝑦ு

𝑑𝑡
+ 𝑘଴𝑦ு = 0

 reduced the differential equation to an ordinary 
quadratic equation

𝑘ଶ𝑠ଶ + 𝑘ଵs + 𝑘଴ = 0

◦ The roots of this equation determines the 
homogenous solution.

Homogenous Solution – Characteristic 
Polynomial 

𝑘ଶ𝑠ଶ + 𝑘ଵs + 𝑘଴ = 0

 The roots of the characteristic equation are

𝛼ଵ, 𝛼ଶ =
−𝑘ଵ ± 𝑘ଵ

ଶ − 4𝑘ଶ𝑘଴
 

2𝑘ଶ
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Homogenous Solution – Characteristic 
Polynomial 
 Based on the nature of the roots, we have three 

possibilities of the homogenous solution:

1. 2 unique real roots
yୌ = 𝐾ଵ𝑒ఈభ௧ + 𝐾ଶ𝑒ఈమ௧

2. 2 identical roots (𝛼ଵ = 𝛼ଶ = 𝛼)
  yୌ= 𝐾ଵ𝑒ఈ௧ + 𝐾ଶ𝑡𝑒ఈ௧

Homogenous Solution – Characteristic 
Polynomial 
 Based on the nature of the roots, we have three 

possibilities of the homogenous solution:

3. 2 unique complex roots (𝛼ଵ, 𝛼ଶ = 𝛼 ± 𝑗𝛽 )
yୌ = 𝑒ఈ௧ 𝐾ଵ cos 𝛽𝑡 + 𝐾ଶ sin 𝛽𝑡
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Particular Solution

 The particular part of the solution 𝑦௉ is that 
part of the solution that gives 𝐹 𝑡 when 
substituted for 𝑦 in the ODE.

 Usually the particular solution is similar in form 
to 𝐹 𝑡 .
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Particular Solution

𝐹 𝒕 𝑦௉ 𝒕

𝑎଴ 𝑏଴

𝑎଴ + 𝑎ଵ𝑡 + 𝑎ଶ𝑡ଶ 𝑏଴ + 𝑏ଵ𝑡 + 𝑏ଶ𝑡ଶ

𝑒௔௧ 𝐴𝑒௔௫

sin 𝑏𝑡 𝐴sin 𝑏𝑡 + 𝐵cos 𝑏𝑡

𝑒௔௧sin 𝑏𝑡 𝑒௔௧ 𝐴sin 𝑏𝑡 + 𝐵cos 𝑏𝑡

cos 𝑏𝑡 𝐴sin 𝑏𝑡 + 𝐵cos 𝑏𝑡

𝑒௔௧cos 𝑏𝑡 𝑒௔௧ 𝐴sin 𝑏𝑡 + 𝐵cos 𝑏𝑡

Conclusion
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THE END


